Introduction. The general question of what groups can be embedded in the multiplicative group of a division ring is an unsolved problem, but some parts of the problem have been completely solved. It is well known that an abelian group can be embedded in a division ring if and only if its torsion subgroup is locally cyclic (see [4] ). B. H. Neumann (see [10] ) and A. I. Malcev (see [9] ) showed that all ordered groups can be embedded in a division ring and Amitsur solved the problem for finite groups (see [2] ). These results exhaust the major work that has been done on the problem to date.
In the following discussion G will denote a group, H and H, subgroups of G; and D will denote a division ring and D, subdivision rings of D. The multiplicative group of D will be denoted by D*, and if G is a subgroup of D* then D, = {//,} will mean that D, is the division ring generated by //,.
An ascending normal series {//, | 0 ^ / :g a, H0 = H and Hx = G} will be called a completely infinite supercyclic series from H to G if each factor group //,+ .///, is infinite cyclic. If such a series exists G is said to be completely infinite supercyclic from H to G. In the case where H = {e}, the identity subgroup, G is a completely infinite supercyclic group.
The class of completely infinite supercyclic groups is a large one. Let G be a solvable group, say G(n) = {e}, where G(0 is the ith derived group. If G(,)/G(,+ " is a free abelian group for each i, then there obviously is a completely infinite supercyclic series from G(,+ 1) to G(,); hence such a series exists from {e} = G(n) to G. The free solvable groups comprise an important subclass of the above class. Let F be a free group. By Schreiers Theorem F(,) is also a free group so F(,)¡FU+1} is a free abelian group; hence F¡F(n) is a completely infinite supercyclic group for any positive integer. J. F. Bowers discussed a class of groups which he called completely infinite polycyclic groups (see [3] ) which are also completely infinite supercyclic groups. A finitely generated torsion-free nilpotent group has a completely infinite supercyclic series, in fact one of finite length (see [13, p. 241] ).
Let G be a subgroup of D* such that D = {G}, let {//, | 0 g i * § a} beacompletely infinite supercyclic series from H to G with H,+ 1 H, = (x,+ . • //,) for x,+ 1 in Hl+y, and let D, = {//,}. If xi+l is transcendental over D, (0 Sj i < a) then we call D an Ore extension of D0 determined by the completely infinite supercyclic series {H, | 0 ^ i z% a}.
We will now give some elementary properties of Ore extensions. The following proposition is an easy consequence of elementary Ore polynomial ring theory: Proposition 1. Let F be a subdivision ring of a division ring D and x an element of D which is transcendental over F. If xFx~x = F, then D,, the division ring generated by F and x, is isomorphic to F(x;6) where 9 is the automor- for xl+l in Hi+l. If H can be embedded in a division ring D0 with D0 = {H} such that the automorphism of H induced by xi+i can be extended to an automorphism of D0, then G can be embedded in a division ring D which is an Ore extension of D0 determined by the completely infinite supercyclic series {Hi\0=i^a}.
Consider the division ring D¡ = D0(y¡ ; 0t) where 0¡ is the automorphism of D0 induced by Xy and y¡ an indeterminate over D0. Since y1hyl'l=Oi(h) = Xyhxyl fot all h in H, the map of Hx into D* determined by xx -* y, and h -* h for all h in H is an isomorphism onto Gp(H,yj). This completes the first step of an induction proof. Using Theorem 1 to extend automorphisms the proof of Theorem 2 can be completed by transfinite induction.
For a detailed look at a construction of a division ring like the one used in Theorems 1 and 2 look at a paper by M. Ikeda (see [6] ).
Before stating some consequences of Theorems 1 and 2 some definitions will given. A group G is said to have property E if G can be embedded in a division ring. A group G has property EE if G can be embedded in some division ring D such that any automorphism of G can be extended to an automorphism of D; and an ordered group G has property EE* if G can be embedded in some division ring D such that any order automorphism of G can be extended to D.
It is important to note that the above definition just requires the existence of one such division ring with the extending property for every automorphism, not every division in which G can be embedded.
In view of these definitions we have : Corollary 1. If a group G has a normal subgroup H with property EE anda completely infinite supercyclic series from II to G, then G has property E. If in addition H is a characteristic subgroup, then G has property EE. Corollary 2. Let G be a group with a normal subgroup H with property EE* and a completely infinite supercyclic series {H, | 0 = i z% a} from H to G with H,+ y¡H, = (Hi+1 ■ //,). // each xi+l induces an order automorphism on H, then G has property E.
Since the identity group has property EE, we have the following: Corollary 3. // G is a completely infinite supercyclic group, then G has property EE.
Corollary
4. Let G be a solvable group, say G"+I = 1. If G(i)¡G "+X) is a free abelian group (0 5* i 5= n), then G has property EE. In particular if F("'is a free group then F¡F(n) has property EE.
Corollary 5. Afinitely-generated torsion-free nilpotent group has property EE.
The results of Neumann and Malcev (see [10] and [9] ) prove that the groups of Corollaries 3, 4, and 5 have property E since they can be ordered. But it is not true that all completely infinite supercyclic groups can be ordered, for the group Gp(x, y | yxy~x = x_1) is such a group.
The construction of Theorem 2 is not sufficient to completely determine which torsion-free solvable groups have property E. G(,)/G(l+1) may not be free abelian, even though G is a torsion-free solvable group; for example the additive rationals Q+, has this property. This is not really a difficulty for by a modification of the proofs, the assumption in Theorem 2 that //,///,+. is infinite cyclic can be replaced by the condition that HfH,+ x is a subgroup of 0 + , since any such group is a union of a countable tower of infinite cyclic groups. A difficulty still arises since there are finitely-generated torsion-free solvable groups which are not completely infinite supercyclic groups. G = Gp(by, b2, c\b, = b\= bf1, [by, bf] = C2x, i = 1 or 2) is a supersolvable torsion-free group, but every supersolvable series of G has a factor of order 2 (see [3] and [5] ).
The remainder of the paper will be devoted to determining which finite, abelian or ordered groups have property FF or FE*.
Property FF for finite groups. In this section we will prove that all finite groups with property E have property EE using Amitsur's classification for such groups (see [2] ). First some notation will be given.
Let m and r be relatively prime integers. Put s = (r -1, m), t = m/s and n = minimal integer satisfying r" = 1 (mod m). Denote by Gm>r group generated by two elements A and B satisfying the relations Am = 1, B" = A' and BAB'1 = Ar. Let Q denote the rational field and em a fixed primitive mth root of unity. ar will represent the automorphism of g(em) determined by em -> erm. %m>r = (ß(ej. ar, es) will denote the cyclic algebra determined by the field Q(e,"), automorphism ar, and element es = e'm, as defined by Albert (see [1, p. 74 
]).
If G is a group A(G), 1(G), Z(G) and | G | will denote the automorphism group, inner-automorphism group, center of group and order of group respectively. X, ¡0 and 3 will denote the binary tetrahedral, binary octahedral and binary iscosahedral group respectively. They are isomorphic to Gy, G2 and G3 respectively where Gi=G"(A,C\A2ii+2) = l, C3=A(i+2) and CAC1 =A~1C). Also %, O and 3 have order 24, 48 and 120 respectively, have center of order 2 and have automorphism groups of order 24, 48 and 60 respectively. These groups are discussed in an article by Vincent (see [12] ) and in Amitsur's paper (see [2] ).
With these definitions we can state an important theorem proved by Amitsur (see [2] ). (1) A group Gmr with property E;
(2) A group X X Gm>r, where Gm¡r has property E, (6, | Gm>r [) = 1, and other conditions hold (see [2] ); (3) The groups D and 3.
We will use this theorem to prove that a finite group with property £ has property ££. First we will prove some lemmas. Lemma 1. If Gm¡r has property E, then Gn>r has property EE.
Proof. If Gm>r has property £ then A -» em and B -> ar defines an embedding of GmT into the division ring SIm_r = (Q(em), ar, es), (see [2] ). Using this identification we have 3Im>r = (Q(A), B \ A). Let 0 be an automorphism of G. Direct calculation verifies that A-*6(A) and B -> 6(B) defines an automorphism of ?Imr which extends the automorphism 0. Lemma 2. X has property EE.
Proof. X can be embedded in ÎI^-j and £) can be embedded in $I8,-i-O has an isomorphic copy of X as a normal subgroup. Thus with appropriate identification we have the following diagram (see [2] ).
3>
W.4-1
Since X is normal in O there is an element x in Q which induces an outer-automorphism 0 on X. But xXx -1 = X implies x5t4i_1x_1 = ^4,-1, so 0 can be extended to ÍU,-.. Since | AiZ)¡IiZ) | = 2 the proof is complete, for any innerautomorphism can be extended.
Lemma 3. O has property E.
Proof. Since | ^4(£>)//(£>) j = 2 it is sufficient to show that one outer-automorphism of O can be extended to 91g,-.
• Stg,-i = ô(21/2) ®e»í»4,-i and 3I4>_! is isomorphic to the rational quarternions. Identifying elements under the isomorphisms mentioned above we have 0-{±(l±i±i± k)¡2, ± {l,i,j,k},
is a subgroup of îts,-. which generates 3I8;_. (see [2] ). The map 21/2-> -21/2 obviously defines an automorphism 6 of 5l8>_. and 9 | £)=£). 8 is an outer automorphism since 21/2 is in the center of 9Í8 _., thus an outer-automorphism of O can be extended to 2I8,-iLemma 4. 3 has property EE.
Proof. 3 can be embedded in Ut10,-i = ô(51/2) ®0ÎÎ4>-i and with appropriate identification we have that 3 is the subgroup of 3I10,-i generated by /, tit and e where eis a primitive 5th root of unity and i'x = (e2 -e3 + (e -e4)j)5'/2 (see [2] ). 3 also generates $I10,-i-Obviously the map 51,4-> -5I/2 defines an outer-automorphism 0 of 9í10,-i since 51/2 is in the center of 5I10j_.. Direct calculation verifies that 9 13 = 3. Therefore 9 is an extension of an outer-automorphism of 3, which completes the proof since | ^4(3) | /(3) | = 2.
With these lemmas we are prepared to prove Theorem 4. A finite group with property E also has property EE.
Proof. Groups of type (1) and (3) Property EE for abelian groups.
Theorem 5. If G is an abelian group with property E, then G has property EE.
Proof. Let G be an abelian group generated by elements x, (i e I) which is embeddable in a field. The construction of Cohn (see [4] ) yields a field K which is generated by the x¡ as a field, with the multiplicative relations holding between the x¡ as defining relations. Thus every relation 3> holding in K between the x¡ follows from the defining relations in G. Hence if 0 : xt -» x[ is an automorphism of G, any relation O between the x¡ also holds between the x/and conversely. Therefore x¡ -» x\ defines an automorphism of K which extends 0.
Property ££* for ordered groups. An ordered group G can be embedded in the formal power series ring D of G over any division ring K (see [10] ). An element \p of D is a map on G into K such that the subset of G on which ip takes nonzero values is a well-ordered subset. If \p and cp are in D and g in G, then addition and multiplication in D ate defined componentwise as follows: The map ff: G-> T g -+ ng for all g in G is the embedding of G into T (see [12] ).
Under this identification G is a subset of T. Let D be the division ring in T generated by G, and let 0 be an order automorphism of G. Define the following map:
6':D-* T eW(g) = Wl(g)) for all g in G. In conclusion we summarize some of the results of Theorems 1, 2, 4, 5 and 6. Theorem 7. Ler G be a group with a normal subgroup H and a completely infinite supercyclic series from H to G.
(i) If H is finite or abelian, then G has property E if and only if H has property E.
(ii) If H is finite or abelian and characteristic in G, then G has property EE if and only if G has property E.
(iii) If H is an ordered subgroup of G such that every automotomorphism of H induced by an element of G is an order automorphism, then G has property E.
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